Abstract. In this paper, a stability theorem of the Navier-Stokes flow past a rotating body is reported. Concerning the linearized problem, the proofs of the generation of a C 0 semigroup and its decay properties are sketched.
1. Introduction. Consider a rigid body R moving through an incompressible viscous fluid L that fills the whole three-dimensional space exterior to R. We assume that with respect to a frame attached to R, the translational velocity u ∞ and the angular velocity ω of R are both constant vectors. Without loss of generality we may assume that ω = T (0, 0, a), T M denoting the transposed M . If the flow is non-slip at the boundary, then the motion is described by the following equation:
in Ω(t), t > 0, v(y, t) = ω × y on ∂Ω(t), t > 0, v(y, t) → u ∞ = 0 as |y| → ∞, t > 0, v(y, 0) = v 0 (y)
on Ω, and Ω is a fixed exterior domain in R 3 with C 1,1 boundary ∂Ω. Over the last several years, the study of well-posedness of the initial boundary value problem (1) and related topics has attracted the attention of several authors; see, e.g. [1] - [37] . Besides the intrinsic mathematical interest, this is probably also due to the fact that problem (1) is at the foundation of several important engineering applications. The interested reader is referred to [11] and to the literature cited therein.
To treat (1) in the time-independent domain Ω, we introduce
T (v(y, t) − u ∞ ), p(x, t) = π(y, t).
(2)
Then, we see that (u, p) satisfies the modified Navier-Stokes equations:
in Ω × (0, ∞), u(x, t) = ω × x − O(t)u ∞ on ∂Ω × (0, ∞), u(x, t) → 0 as |x| → ∞, t > 0, u(x, 0) = v 0 (x) in Ω.
In this paper, we consider only the case where
with e 3 = T (0, 0, 1) so that
O(t)
T u ∞ = ke 3 for all t > 0.
Therefore, the equation (1) leads to the system:
First of all, we would like to recall some stability theorem for (4) in the case where ω = 0, that is, we consider the Navier-Stokes flow just past a rigid body without rotation. In this case, our equation becomes the following one:
In order to solve the problem (5) with f = f (x), we have to solve the stationary problem:
Shibata [48] proved the following two theorems.
Theorem 1. Let 3 < q < ∞ and let δ and β be any numbers such that 0 < δ < 1/4 and
Then, there exists a constant ǫ, 0 < ǫ ≤ 1, depending on q, δ and β but independent of k such that if 0 < k ≤ ǫ and f 2δ ≤ ǫ|k| β+δ , then the problem (6) admits a unique solution (v, p) possessing the estimate:
To solve (5), we set u(x, t) = v(x) + w(x, t) and π(x, t) = p(x) + θ(x, t), and then (w, θ) should satisfy the equations:
The corresponding linearized equation for (7) is the usual Oseen equation:
Let P be the Helmholtz projection from L q (Ω) 3 onto the solenoidal space J q (Ω) (1 < q < ∞), where [40] , [42] , [47] , [50] ). Let us define the Oseen operator by means of the formula:
. Then, the equation (8) can be written as the evolution equation:
We know that O k generates an analytic semigroup {T k (t)} t≥0 on J q (Ω). Moreover, we know the following theorem which was proved by Kobayashi and Shibata [45] .
Theorem 2. Let k 0 be any positive number and assume that 0 ≤ k ≤ k 0 . Then, the following estimates hold for f ∈ J q (Ω) and t > 0:
Here, the constant C q,r depends on k 0 whenever |k| ≤ k 0 but is independent of k, t and f . Applying Duhamel's principle to (7), we have the integral equation:
where we have set
Applying the Kato argument in [44] to (11) and using Theorem 1 and Theorem 2, we have the following theorem which was proved by Shibata [48, Theorem 1.4] .
Theorem 3. Let 3 < q < ∞ and let δ and β be the same as in Theorem 1. In addition, we assume that 0 < δ < min(1/6, 4/q). Let f ∈ L ∞ (Ω) 3 and w 0 ∈ J 3 (Ω). Then, there exists an ǫ > 0, 0 < ǫ ≤ 1, depending only on q, β and δ essentially such that if 0 < k ≤ ǫ, f 2δ ≤ ǫk β+δ and w 0 3 ≤ ǫ, then the problem (11) admits a unique solution w ∈ BC([0, ∞), J 3 (Ω)) possessing the following properties:
Here we have set
2. Main results. Our goal is to extend Theorems 1 and 3 of section 1 to the case where ω = 0. But, so far we do not know the existence of solutions to (6) which possess nice decay properties at far field like v(x) stated in Theorem 1 in section 1. We shall only report the existence of a semigroup and its decay properties like Theorem 2 in section 1.
As a linearized problem of (5), we consider the linear equations:
, k and a are real constants, and u = (u 1 , u 2 , u 3 ) and π are unknown velocity field and pressure, respectively. The equation in (12) is written componentwise as follows:
To show the existence of solutions to (12), we use the semigroup approach. Since the pressure term π has no time evolution, we have to eliminate π by using the Helmholtz decomposition. Let P be the Helmholtz projection given in section 1. Let us define the operator L k,a by the formula:
with domain:
And then, problem (12) is written as follows:
One of the significant characteristics of the operator L k,a is that the crucial drift operator (ω × x) · ∇ is never subordinate to the viscous term ∆ and equation (13) has both parabolic and hyperbolic features. In fact, the following theorem was proved by Farwig, Nečasová and Neustupa [9] , [10] .
The essential spectrum of L k,a coincides with
From Theorem 4, we know that the operator L k,a does not generate an analytic semigroup. But, we can show the generation of a continuous semigroup and its decay estimate. Namely, the following two theorems are the main results which the author would like to report in this paper.
Theorem 6. The following estimates hold for any f ∈ J q (Ω) and t > 0:
Here, the constant C q,r depends on a 0 and k 0 whenever |a| ≤ a 0 and 0 < k ≤ k 0 but is independent of a, k, t and f . Remark 1. Theorem 5 was first proved by Hishida [19] when q = 2 and k = 0. Later on, Geissert-Heck-Hieber [16] proved Theorem 5 when 1 < q < ∞ and k = 0. Our proof is different from Hishida [19] and Geissert-Heck-Hieber [16] and based on some new considerations of the pressure terms. The estimates (14) was proved by Iwashita [43] when a = k = 0, by Kobayashi and Shibata [45] when a = 0 and k = 0 and by Hishida and Shibata [24] when a = 0 and k = 0. The restriction: 1 < q ≤ r ≤ 3 of the second inequality in (14) is unavoidable at least in the case where a = k = 0, which was proved by Maremonti-Solonnikov [46] .
3. Remark on a stability theorem. Consider the original non-linear problem (4) in the case where f = f (x). The corresponding stationary problem is given as
Setting u(x, t) = w(x) + z(x, t) and π(x, t) = θ(x) + κ(x, t) in (4), we have the equation for z and κ as follows:
Following Kato [44] , instead of (16) we consider the integral equation:
Then, using Theorem 6 and employing the same argument as in Shibata [48] we have the following theorem which is an extension of Theorem 3 in section 1 to the case where ω = 0.
Theorem 7 (Stability Theorem). Assume that problem (15) admits solutions w(x) and θ(x). Let σ be a small positive number and 3 < q < ∞. Then, there exists a small positive number ǫ depending on σ and q such that if v 0 − w ∈ J 3 (Ω) and
then problem (17) admits a unique solution
Remark 2. Galdi and Silvestre [14] proved the existence of solutions to (15) , but the velocity fields in [14] behave O(|x| −1 ) when |x| → ∞ and they did not show the asymptotic behaviour of the gradient of the velocity fields. We do not know any existence theorem for solutions to (15) which satisfy (18) . But, the author believes that stationary solutions satisfying (18) exist, because the motion is stabilized by translation.
4. An idea of a proof of Theorem 5. In this section, we consider the solvability of the equations:
where R + = (0, ∞). The main step in our proof of unique existence of solutions to (19) is to show the following theorem.
Theorem 8. Let 1 < q < ∞ and set
with some pressure term π such that for any γ > 0 the estimate
holds with some constant C γ depending on γ.
In order to show Theorem 8, the key step is to show the following theorem.
Theorem 9. Let 1 < q < ∞. Then, for every f ∈ L q,R−1 (Ω), problem (19) replacing f by P f admits a unique solution (u, π) having the following regularity properties:
and satisfying the following estimates: are constants depending on not only γ, R, q, b but also a 0 and k 0 whenever |a| ≤ a 0 and |k| ≤ k 0 but are independent of a, k, t and f . Here, we have set
Proof of Theorem 8. Assuming that Theorem 9 holds, we shall show Theorem 8. Let f ∈ L q,R−1 (Ω) ∩ D q (Ω) and let (u, p) be a solution to the equation (19) . By Theorem 9, we know the existence of (u, π) satisfying (20) and (21) . Let (v, p) be a solution to the equation:
By Theorem 9 we know the existence of (v, p) which also satisfy (20) and (21), replacing f by P L k,a f . In particular, we have
because the inequality
follows from the assumption that f (x) = 0 for |x| ≥ R − 1. Our task is to show that u t = v. To this end, we set
and we shall show that w(x, t) = u(x, t) in what follows. Given ϕ ∈ D q ′ (Ω), by (24) we
Here, we have set
On the other hand, for t > 0 by (22) 
where we have set L * k,a ϕ = −∆ϕ − k∂ 3 ϕ + (ω × x) · ∇ϕ − ω × ϕ. Therefore, integrating the above formula with respect to t, we have
which combined with (24) and (25) implies that
, and therefore by (27) 
k,a ϕ) = 0 as follows from (19) , (20) , (21) and the fact that ∇ · ϕ = 0, by (28) we have
for any ϕ ∈ D q ′ (Ω). Now, given any ψ ∈ C ∞ 0,σ (Ω) and T > 0, let (z, θ) be the solution to the dual problem:
Then, by (29) and (30) we have
, we have w(x, T ) = u(x, T ) for almost every x ∈ Ω. Since T > 0 is also chosen arbitrarily, we have w(x, t) = u(x, t) for any t > 0 in J q (Ω). In particular, by (23) and (24) we have
, t > 0.
Applying the Farwig theorem in [5] and cut-off technique to (19), we have
, which completes the proof of Theorem 8.
In order to show Theorem 9, we start with the analysis of the whole space problem:
We know that the solution u is given by the following formula:
Here, P R 3 is defined as follows:
and c(f ) is a constant such that
The operator A R 3 ,a,k (λ) is the solution operator to the resolvent problem:
which is the resolvent problem of the corresponding non-stationary problem (31) . By analyzing the concrete representation formula of A R 3 ,a,k (λ) we have the following theorem:
Theorem 10. Let 1 < q < ∞, k 0 > 0 and a 0 > 0. Assume that |k| ≤ k 0 and |a| ≤ a 0 . Let γ > 0, 0 < ǫ < π/2 and N ∈ N with N ≥ 4. Set
) and there exist three operators:
, for any λ ∈ Σ ǫ with |λ| ≥ c ǫ > 0 (c ǫ being some constant depending on ǫ) and β with |β| ≤ 2, and ∂
for any λ ∈ C γ with |λ| ≥ 1 and β with |β| ≤ 2 provided that f ∈ L q,R+2 (R 3 ). Here, the constant C depends on R, a 0 and k 0 but is independent of a and k, and we have set
Employing a similar argument to that in Hishida and Shibata [24, Section 5] , by using Theorem 10 and the representation formula of the resolvent set in Ω, we can show Theorem 9. This is one of our core arguments and we will publish the detailed proof elsewhere. Now, we shall show Theorem 5 by using Theorem 8.
Step
an extension of f to the whole space such thatf = f on Ω and f
such that ϕ(x) = 1 for |x| ≤ R − 2 and ϕ(x) = 0 for |x| ≥ R − 1 and set
where B denotes the Bogovski operator satisfying the estimates:
, j = 0, 1, 2, (cf. [38] , [39] , [42] , [16] ).
Step 2. To obtain the solution u(t) of (19), we set u(t) = v(t) + w(t), and then w(t) and π(t) satisfy the equations:
Observe that
Therefore, we have
If we write
then by Theorem 14 we have
Therefore, we can construct a solution
which satisfies the estimate:
If we define {T k,a (t)} t≥0 by the formula: T (t)f = u(t), then the uniqueness of solutions and the denseness of D q (Ω) in J q (Ω) imply that {T k,a (t)} t≥0 is a C 0 semigroup on J q (Ω). Since we can show that the resolvent set of L q contains the complex plane with positive real part, the generator of {T k,a (t)} t≥0 is L q , which completes the proof of Theorem 5.
5. An idea of a proof of Theorem 6. In order to prove Theorem 6, the main step is to show the following local energy decay estimate. 
for any f ∈ L q,R−1 (Ω) and j = 0, 1.
Employing a similar argument to that in [24, Section 6], we can show Theorem 11 by using some representation formula of solutions to the resolvent problem in Ω and the following results for the whole-space resolvent operator A R 3 ,a,k (λ).
Theorem 12. Let 1 < q < ∞, k 0 > 0, a 0 > 0, γ 0 and K ≥ 10a 0 + 2. Assume that |k| ≤ k 0 , |a| ≤ a 0 and 0 ≤ γ ≤ γ 0 . Set
, C + = {λ ∈ C | Re λ ≥ 0}.
Then, A(λ) = A R 3 ,a,k (λ) ∈ C(C + , L R,comp (R 3 )) and possesses the following properties: for any λ, λ 1 and λ 2 ∈ C + provided that f ∈ L q,R+2 (R 3 ).
Since by Young's inequality we see easily that
for 1 < q ≤ r ≤ ∞ with q = ∞ and t > 0, employing the same argument as in [24, section 7] , combining (33) with Theorem 11 and Theorem 9 by cut-off technique, we have Theorem 6. We will show the detailed proof of Theorem 6 elsewhere.
